A procedure for obtaining possible microscopic mechanisms for reconstructive phase transitions in crystalline solids is described. Both strains and atomic displacements are considered, and the procedure includes user input of allowed strain tolerance, nearest-neighbor distances, and unit-cell size change. This method has been implemented in a computer program COMSUBS. We apply COMSUBS to the pressure-induced phase transition in NaCl and obtain 12 possible mechanisms, two of which are those proposed earlier by Buerger and Watanabe, respectively. Furthermore, we show how to use energy calculations to determine the height of the energy barrier for the transition.
I. INTRODUCTION
In a reconstructive phase transition, there is no groupsubgroup relation between the symmetries of the two crystalline phases. The path from one phase to the other phase requires significant strain and/or large atomic displacements.
Examples of reconstructive phase transitions abound in nature. Many of the alkali halides undergo a transition from a NaCl-type structure to a CsCl-type structure. Motivated by the use of these solids, and in particular the use of NaCl as a pressure standard, this transition type has been studied with considerable effort. [1] [2] [3] [4] [5] [6] Many alkali metals and transition metals undergo a transition from the hcp to bcc phase. 7 Ti, representative of the transition metals, undergoes a transition from the ␣ to the phase. This transition was first observed by Jamieson 8 and has been studied extensively since then with static high-pressure [9] [10] [11] and shock-wave techniques. 12 The wurtzite to rocksalt transition in GaN, 13 the bcc to fcc transition in Cs, 14 the fcc to hcp transition in Co, Fe, Tl, and Am, 15 the bcc to rutile type transition of SiO 2 , 16 and many other examples that could be mentioned stress the importance and interest in this kind of phase transformation.
Any detailed description of a reconstructive phase transition must deal with two questions: ͑1͒ How are the atoms mapped from one structure to the other? ͑2͒ What path do the atoms take between these two structures? The mapping question simply deals with how the two structures are related. The path question is more difficult. It deals with actual atomic displacements and strains that occur during the phase transition. In a previous paper we presented a systematic procedure for obtaining possible mappings and paths for a reconstructive phase transition 17 based almost entirely on symmetry considerations. In this paper we generalize that algorithmic procedure by considering a wider class of subgroups, by allowing user input for some important parameters ͑allowed strain, nearest-neighbor distances, and unitcell size change͒ and by implementing the procedure on computer.
In our treatment, we assume that the path between the two structures involves an intermediate unstable structure with definite space-group symmetry G. If we are considering a reconstructive phase transition from a structure with spacegroup symmetry G 1 to a structure with space-group symmetry G 2 , then our description is actually a two-step process G 1 →G→G 2 , where G is a subgroup of G 1 and also a subgroup of G 2 so that each step G 1 →G and G→G 2 is a transition with a group-subgroup relationship.
Therefore, our approach is based on a search for common subgroups of G 1 and G 2 . For a given common subgroup G, we then consider possible mappings of atoms from G 1 to G 2 . The mappings are restricted by the constraint that the symmetry G must be maintained along the entire path from G 1 to G 2 . No atomic displacements are allowed which destroy the symmetry G.
As an example, we apply our procedure to the pressureinduced phase transition in NaCl. At ambient pressure, NaCl exists in the well-known face-centered-cubic ͑fcc͒ structure with space-group symmetry Fm3 m. When the pressure is raised to Ϸ30 GPa, NaCl changes to a CsCl-like simple cubic ͑sc͒ structure with space-group symmetry Pm3 m. This pressure-induced transition has physical and geological importance as it can be a basic model of other solid-solid transitions due to its simplicity. The transition has been heavily studied but still, today, remains an interesting example for investigation, particularly when new methods of experimental investigation can be applied and new schemes of model calculations used.
Over the years, two main models have been proposed for this phase transition. The first one was proposed by Shoji 18 and later modified by Buerger. 2 Buerger showed that a contraction along one of the body diagonals of the unit cell of the NaCl structure and an expansion normal to it lead to the CsCl structure. In this model the transition is accomplished via strains alone. Another model was introduced by Hyde and O'Keefe 19 and emphasized later by Watanabe et al. 6 In this model the orientation relation is not the same as in the Buerger model; instead the ͓110͔ CsCl is parallel to ͓100͔ NaCl , and ͓001͔ CsCl is parallel to ͓011͔ NaCl . They describe the transition as an interplanar movement and a shuffle of atoms in adjacent (100) NaCl planes in an antiparallel manner.
We have implemented our method as a computer program called COMSUBS. When applied to the case of the phase transition in NaCl, COMSUBS finds 12 possible paths, 2 of which are the Buerger and Watanabe mechanisms mentioned above.
We carry the example further by using energy calculations to find the barrier heights for the various paths found. In the case of the Buerger mechanism, we refine the path Buerger proposed and show that the energy barrier can be significantly lowered by including additional strains and atomic displacements.
II. COMSUBS ALGORITHM
Consider two crystalline structures with space-group symmetries G 1 and G 2 , respectively. We are given the lattice parameters which define the size and shape of the unit cell, and we are given the positions of atoms inside the unit cell. Space-group operators are denoted using the Seitz notation ͕R ͉v ជ ͖, i.e., a point operation R followed by a translation v ជ of the crystal. For space group G i , we designate a set of representative operators ͕R i j ͉v ជ i j ͖, one for each point operation
The set of all pure translations in a space group forms its translation group. In three dimensions, translation groups can be generated with three primitive translations. We define the translation t ជ ik to be the kth generator of the translation group T i associated with G i . The action of a point operation R i j on the generator t ជ ik results in a linear combination of the three generators,
where the matrix elements (R i j ) mk are all integers since every point operation in a space group takes the lattice into itself. Our goal is to find possible paths from G 1 to G 2 such that the strains and atomic displacements that occur along these paths do not exceed some chosen reasonable limits. We allow all possible relative orientations and origins of G 1 and G 2 . We assume that along the path from G 1 to G 2 , the spacegroup symmetry of the crystal is some common subgroup of G 1 and G 2 . Thus, to accomplish our goal, we search for common symmetry subgroups.
We begin by searching for common sublattices, i.e., common subgroups T of the translation groups T 1 and T 2 . We write the generators s ជ i j of T in terms of the generators of T 1 and the generators of T 2 ,
where the matrix elements (A i ) k j are all integers. Along the path from T 1 to T 2 , the generators of T evolve from s ជ 1 j to s ជ 2 j . From the two end points of this path, s ជ 1 j and s ជ 2 j , we can determine the minimum total strain required to go from T 1 to T 2 . We use the method of magic strains. 20 We first write the generators of T in terms of Cartesian coordinates:
where ê 1 ,ê 2 ,ê 3 are unit vectors along Cartesian x,y,z axes, respectively. If we define a transformation matrix S by B 2 ϭSB 1 , the principal values of the strain tensor are given by the square root of the eigenvalues of S T S, where S T is the transpose of S. The product S T S removes any antisymmetric part of S due to pure rotations which may be introduced by the arbitrary choice of relative coordinate systems for T 1 and T 2 .
Now we can test whether or not the strain exceeds some reasonable limit. We require that each principal value of the strain tensor be less than 1ϩ⑀ and greater than (1ϩ⑀) Ϫ1 , where ⑀ is a parameter which we usually choose to be 0.50. This rather liberal constraint results in a large number of possible common sublattices to be investigated further.
As an example, consider the pressure-induced phase transition in NaCl. For the low-pressure structure, G 1 ϭFm3 m with lattice parameter a 1 ϭ4.84 Å. For the high-pressure structure, G 2 ϭ Pm3 m with lattice parameter a 2 ϭ2.98 Å. In terms of Cartesian coordinates, the generators of T 1 and T 2 are
We limit the scope of our search by specifying a maximum allowed length for any of the generators s ជ i j of T. In NaCl, we consider only generators of length 6 Å or less. This results in a list of 42 possible vectors s ជ 1 j for G 1 and 32 vectors s ជ 2 j for G 2 . This effectively limits the size of the unit cell of T. If we wanted to consider larger unit cells, then we would need to allow longer generators s ជ i j .
We next consider all possible triplets of generators s ជ 1 j of T. Given 42 possible generators, this would result in 11 480 triplets. We limit this number by requiring that det A 1 Ͼ0. We further require that as each triplet is considered, it represent a different set of lattice points than any previously considered triplet. Two sets of generators with matrices A 1 and
Ϫ1 R 1 j A 1 Ј contains any noninteger elements for any point operator R 1 j in G 1 . For NaCl, this results in only ten triplets of generators s ជ 1 j of T to be considered further.
Next, given a triplet of generators s ជ 1 j , we consider all possible triplets of generators s ជ 2 j such that i.e.,
and a subgroup of T 2 generated by
i.e., 
ͪ . ͑11͒
A continuous evolution from the subgroup of T 1 to the subgroup of T 2 would define a possible path for the phase transition. We can see that such a path would require a strain in the lattice. For example, the lengths of s ជ 1 j and s ជ 2 j are different. Also, the angle between s ជ i1 and s ជ i2 changes from 45°to 54.7°. Using the method of magic strains, we can find the principal values of the strain tensor. From the matrices, B 1 and B 2 , we obtain
The square roots of the eigenvalues of S T S are 1.23, 0.87, 0.87, which are therefore the principal values of the strain tensor. We can see that each of these values is greater than (1ϩ⑀) Ϫ1 ϭ0.66 and less than 1ϩ⑀ϭ1.5 ͑using ⑀ϭ0.5). Using this criterion, the path between these two lattices is acceptable for further consideration.
Using one of the common sublattices T of T 1 and T 2 , we can next construct space groups G which are common subgroups of G 1 and G 2 . First we find the point group P of T. This is the intersection of P 1 and P 2 , where P i is the set of point operations R i j in G i which are also point operations of T at the end point of the path where G→G i . Consider the action of a point operator R i j on one of the generators s ជ ik of T i . We have
We see that if R i j P i , then every element of the matrix A i Ϫ1 R i j A i must be an integer. Using this test, we can find every operator in P 1 and in P 2 . The intersection of P 1 and P 2 requires that
for pairs of point operations R 1 j and R 2 j Ј in G 1 and G 2 , respectively. The equality in the above equation means that the two matrices are equal, element by element. The above equation also defines a mapping of point operations R 1 j in G 1 onto point operations R 2 j Ј in G 2 . Along the path from G 1 to G 2 , each point operation R 1 j at the beginning of the path evolves into the point operation R 2 j Ј at the end of the path. For convenience, we renumber the point operations in G 2 so that jЈϭ j. Let us consider the above example further. For the point operator C 2x (180°rotation about the x axis, using the notation of Miller and Love 21 ͒, we have
which contains all integers. Therefore C 2x P 1 . Similarly,
and we see that C 2y P 1 . On the other hand, for C 4z ϩ (90°r otation about the z axis͒ we have
and we see that C 4z ϩ P 1 . Repeating this process for each of the 48 point operators in G 1 , we find that P 1 ϭ4/mmm with the fourfold axis pointing along the x axis.
To find P, we see from Eq.
, and we therefore calculate
for each operator R 1 j in P 1 and check if the result is a point operator in G 2 . For example,
which is the point operator C 2e in G 2 (180°rotation about îϪk ) and therefore C 2x P. On the other hand,
and C 2y " P. Applying this test to each of the 16 operators in P 1 , we obtain Pϭmmm with the twofold axes along î,
The point group of G will be some subgroup of the lattice point group P. Therefore, consider some point group PЈʚ P. The representative operators of G will be of the form ͕R j ͉v ជ j ͖, where R j PЈ and is equal to R 1 j in G 1 and equal to R 2 j in G 2 . The operator ͕R j ͉v ជ j ͖ in G must be identical to some operator ͕R 1 j ͉v ជ 1 j ϩu ជ 1 j ͖ in G 1 and also to some operator ͕R 2 j ͉v ជ 2 j ϩu ជ 2 j ͖ in G 2 , where u ជ 1 j T 1 and u ជ 2 j T 2 . If we also include a possible shift ជ in the origin of G 2 with respect to G 1 , we obtain the requirement
In practice, we write each vector in this equation in terms of the generators s ជ ik of T i . Consider a vector v ជ i j written in terms of the generators t ជ ik of T i :
Using the appropriate transformation, we can express this vector in terms of the generators s ជ im of T:
We will simply denote this by the shorthand notation Using this notation, we write the requirement in Eq. ͑23͒ more precisely as
We must find vectors u ជ 1 j , u ជ 2 j , and ជ which satisfy simultaneously Eq. ͑26͒ for each operator R j PЈ. In practice, we need only consider the operators corresponding to the generators of PЈ. If there are N generators, then we must find a value of ជ and values of the N pairs of vectors, u ជ 1 j and u ជ 2 j , which satisfy simultaneously N equations.
We proceed as follows. We try every possible value of u ជ 1 j in each of the N equations. The value of u ជ 1 j can be restricted to the translations in T 1 which are inside the primitive unit cell of T ͑including u ជ 1 j ϭ0). For each set of these N u ជ 1 j values, we try to solve the N equations simultaneously for ជ and the vectors u ជ 2 j using the method of Smith normal forms. 22 If successful, we can use the resulting generators ͕R j ͉v ជ j ͖ to obtain the remaining operators in G. One more requirement must then be satisfied. The operators in G must obey group multiplication. For every pair of point operations R j R k ϭR m , we must require that
to within a lattice vector in T. Having passed this final requirement, we now have a space group G which is a subgroup of both G 1 and G 2 . Consider again the above example. A set of generators of P are C 2x ,C 2 f ,I in P 1 and C 2e ,C 2c ,I in P 2 . Since det A 1 ϭ2, there are two vectors u ជ 1 j to be considered: namely, u ជ 1 j ϭ0 and u ជ 1 j ϭϪ t ជ 11 ϩ t ជ 13 ϭa 1 ( 
These are simply a rearrangement of the generators s ជ This means that Wyckoff positions near one end point of the path where G becomes G 1 must be the same type near the other end point where G becomes G 2 . This gives us an easy method to tell whether it is possible for atomic positions to evolve from G 1 to G 2 along the path given by the common subgroup G.
However, we must be careful. The type of Wyckoff position can depend on the origin of the space group. For example, in NaCl ͑structure in G 1 ), the Na and Cl atoms are at Wyckoff positions a and b, respectively, if the origin is at a Na atom, and at Wyckoff positions b and a, respectively, if the origin is at a Cl atom. We therefore consider all possible shifts ជ Ј of the origin of G at the end point near G 2 such that the translational part v ជ j of the operators in G remain the same ͑to within a lattice vector in T). We must solve the equation
for ជ Ј ͑to within a lattice vector in T) simultaneously for each point operation R j in G. As before, we use the method of Smith normal forms to find solutions. For some space groups, the solutions to this equation depend on a continuously variable parameter; i.e., there are an infinite number of solutions. For example, the origin of space group 75 P4 can be anywhere along the z axis without affecting the translation part v ជ j of any of the operators in that space group. We deal with these parameters below.
A type of Wyckoff position may have up to three degrees of freedom, including zero degrees of freedom when the atoms are at fixed positions. These degrees of freedom are usually denoted in International Tables by one or more of the symbols x,y,z. We call these ''Wyckoff structural parameters.'' For example, in space group 221 Pm3 m, one of the atoms at Wyckoff position ͑g͒ is at x,x,x. This position has one degree of freedom and hence one Wyckoff structural parameter, in this case labeled with x.
Sometimes, a Wyckoff position with different values of the structural parameters can describe the same set of atoms. In the above example, suppose that xϭ0.214; i.e., there is an atom at (0.214,0.214,0.214). We see from the International Tables that there is another atom at x ,x ,x or (Ϫ0.214, Ϫ0.214,Ϫ0.214). But this position also has the form x,x,x with xϭϪ0.214. Therefore, Wyckoff position ͑g͒ with either xϭ0.214 or xϭϪ0.214 describes the same set of atomic positions. When we try mapping atoms at the two ends of the path from G 1 to G 2 , we must consider all possible values of the Wyckoff structural parameters that describe the atomic positions. Now we are ready to map atoms at one end of the path onto atoms at the other end of the path. At each end of the path we must have the same types of Wyckoff positions. They are only allowed to differ in the values of the Wyckoff structural parameters. We assume that these parameters vary continuously from their values at one end of the path to their values at the other end of the path. If there are any continuously variable parameters in the allowed origin shifts of G as described above, we choose these values at the end point near G 2 to minimize the change in the Wyckoff structural parameters along the path. Now we have a possible path from G 1 to G 2 . Along this path, the lattice parameters change and the Wyckoff structural parameters change. We check one more thing. We look at a structure halfway between the two end points of the path. In this structure, the lattice and Wyckoff parameters are chosen to be halfway between their values at the two end points of the path. We calculate nearest-neighbor atomic distances in this structure. If this is too small, we reject this path. Along this path, the lattice would need to expand to allow atoms to pass by each other, and we assume that such a strain would result in an energy barrier unfavorable for this path.
Let us return once more to the example above. We found two cases for further consideration: ͑1͒ Pmmm and ͑2͒ Pmmn. In both G 1 and G 2 , the Na atoms are at Wyckoff position ͑a͒ and the Cl atoms are at (b). In case ͑1͒, position ͑a͒ in G 1 becomes positions ͑a͒ and ͑h͒ in G, and position ͑a͒ in G 2 becomes positions ͑a͒ and ͑d͒ in G. There is no way that a structure with atoms at ͑a͒ and ͑h͒ can evolve continuously to a structure with atoms at ͑a͒ and ͑d͒ without losing the symmetry Pmmm of G. No change in origin will remedy this situation. Therefore, we must reject case ͑1͒ as a possible path for the phase transition.
On the other hand, in case ͑2͒, we find that in G, the Na atoms are at position ͑a͒ and the Cl atoms are at ͑b͒ at both ends of the path. Therefore, we consider this case further. Below, we give the structural parameters for G at the two end points of the path from G 1 to G 2 .
Lattice parameters: We must check one more thing. In G 1 , the nearestneighbor distance is 2.42 Å, and in G 2 it is 2.58 Å. In the structure at the midpoint between the structures at the two ends of the path, the nearest-neighbor distance is 2.49 Å. It appears that atoms do not approach each other unreasonably close along this path. Therefore, we accept this path as a possible mechanism for the phase transition in NaCl.
III. RESULTS FOR NaCl
We applied the COMSUBS algorithm to the case of the pressure-induced phase transition in NaCl. For the lowpressure structure, G 1 ϭFm3 m with lattice parameter a 1 ϭ4.84 Å. For the high-pressure structure, G 2 ϭ Pm3 m with lattice parameter a 2 ϭ2.98 Å. We used the following criteria ͑1͒ We considered only subgroups where the length of the generators s ជ i j are 6 Å or less.
͑2͒ We considered only subgroups where the principal elements of the strain tensor are less than 1ϩ⑀ and greater than (1ϩ⑀) Ϫ1 , where ⑀ϭ0.5. ͑3͒ The nearest-neighbor distance is 2.42 Å in G 1 and 2.58 Å in G 2 . We considered only subgroups where the nearest-neighbor distance in the structure halfway between G 1 and G 2 is greater than 2.00 Å ͑80% of the average of 2.42 Å and 2.58 Å͒.
͑4͒ We considered only maximal subgroups. These define the possible mappings of atoms in G 1 onto atoms in G 2 . Subgroups of these maximal subgroups do not introduce new mappings. They only alter the path by allowing additional distortions in G along the path. We will show how we consider the nonmaximal subgroups when we discuss the R3 m path in detail below.
Using these criteria, we obtained 12 subgroups, which we list in Table I . The first entry in the table is the only common subgroup found where there is no change in the size of the primitive unit cell. The next four entries are subgroups where the size of the primitive unit cell is doubled. The last seven entries are subgroups where the size of the primitive unit cell is four times larger. Subgroups with larger primitive unit cells were not found since we limited the length of the generators s ជ i j .
The mechanism proposed by Buerger 2 is the first entry, R3 m, and the mechanism proposed by Watanabe et al. 6 is the fifth entry, Pmmn. ͑In the Appendix, we treat these two mechanisms in more detail, listing the order parameters and associated distortions.͒ In order to push this example further, we must calculate energies of the different structures. We used a first-principles calculation SSCAD, 25 which uses density functional theory with local density approximation for the exchange and correlation energies. SSCAD is not very accurate, but it is fast, and we only intend to use it as an illustration of how to proceed further with this problem.
First, we calculated the energy per Na-Cl pair in both the G 1 and G 2 structures at Tϭ0 for various values of the lattice parameters a 1 and a 2 , respectively. From an analysis of these data, we obtained a pressure-induced phase transition at P ϭ9.95 GPa with lattice parameters a 1 ϭ5.18 Å and a 2 ϭ3.16 Å. Comparing these results with the experimental values ( Pϭ30 GPa, a 1 ϭ4.84 Å, and a 2 ϭ2.98 Å), we see that SSCAD is not very accurate. In general, density functional methods do poorly with predicting the pressure at which such phase transitions take place. However, our goal is to calculate the relative heights of energy barriers, and these relative values are not very sensitive to the pressure used.
At the phase transition from G 1 to G 2 , the free energy ⌽ϭEϩ PV is at a minimum at the two end points of the path. Along the path, the free energy increases and goes through a maximum value. This is the energy barrier between G 1 and G 2 . We can obtain a very rough estimate of the height of the barrier by calculating the free energy ⌽ for the structure halfway between G 1 and G 2 .
For example, consider the first entry in Table I ͑Buerger's mechanism͒. We calculate that the lattice parameters for GϭR3 m are aϭ3.66 Å and cϭ8.97 Å at G 1 and a ϭ4.47 Å and cϭ5.47 Å at G 2 . Halfway between, we obtain the structure with aϭ4.06 Å and cϭ7.22 Å for which we calculate the estimated barrier height to be ⌬⌽ est ϭ0.077 eV.
As a second example, consider the fifth entry in Halfway between, we obtain the structure with aϭ5.14 Å, bϭ4.06 Å, and cϭ3.41 Å. However, we note that the relative positions of the atoms also change along the path. At the midpoint, the Na atoms are at 0,0,7/8 and the Cl atoms are at 0,1/2,3/8. We obtain ⌬⌽ est ϭ0.101 eV. We note that these estimates are upper bounds on the barrier height. The path from G 1 to G 2 which passes over the lowest barrier will most likely not be linear in the structural parameters.
A. R3 m
This is the path proposed by Buerger. 2 The R3 m path from G 1 to G 2 involves only strains. The Na atoms remain at the lattice points, and the Cl atoms remain at the bodycentered positions in the rhombohedral unit cells in R3 m. ͑Note that in Table I , the atomic positions are given with respect to the hexagonal unit cell.͒ An animation of Buerger's path can be seen on the internet. 26 We show in Fig. 1 the free energy ⌬⌽ ͑relative to the values at the two end points of the path͒ as a function of the volume of the primitive unit cell ͑containing one Na and one Cl atom͒. The dashed lines show the free energies of the G 1 ϭFm3 m and G 2 ϭ Pm3 m structures.
To obtain the free energy of the R3 m path over the barrier, we vary the value of the lattice parameter c from 8.97 Å to 5.47 Å ͑the values at the end points G 1 and G 2 , respectively͒. For each value of c, we minimize the free energy with respect to the lattice parameter a, holding the value of c constant. ͑Note that if we minimized the free energy holding the volume constant, the structure would always relax to Pm3 m or Fm3 m, the dashed lines in the figure.͒ We obtain at the top of the barrier a R3 m structure with aϭ4.06 Å and cϭ6.90 Å and a barrier height equal to 0.070 eV, which is slightly lower than the estimate in Table I .
Next we consider the possibility that the symmetry of the path from G 1 to G 2 may be some subgroup of R3 m. Remember that we included in Table I only the maximal common subgroups of G 1 and G 2 . If we can lower the energy barrier by lowering the symmetry of R3 m, then there will also be a corresponding normal mode lattice vibration which will be unstable. Therefore, we look for unstable normal modes in R3 m at the top of the barrier.
Using the frozen-phonon method with SSCAD, we calculated the frequencies of the normal modes at each of the k points of symmetry in the first Brillouin zone. For R3 m, these are the ⌫, F, L, and T points ͑using the notation of Miller and Love 21 ͒. We found one unstable normal mode at the F point. This mode belongs to the irreducible representation ͑IR͒ F 2 Ϫ of R3 m. This IR is three dimensional, which means that the mode is threefold degenerate. Any linear combination of the three degenerate modes is unstable. The way in which the unstable mode lowers the symmetry of the crystalline structure depends on the linear combination of these three modes. In this case, there are six possible lower symmetries, all subgroups of R3 m ͑called isotropy subgroups; see the Appendix or Stokes and Hatch 27 ͒. Of these six subgroups, three of them are maximal, and we list them in Table II . The other three are subgroups of those listed in Table II and will be automatically considered when we look for unstable normal modes in the maximal subgroups.
We relaxed each of the structures in Table II , always holding one structural parameter constant. For example, consider the P2 1 /m structure. There are eight structural parameters: the lattice parameters a,b,c,␤ and the Wyckoff parameters x,z for each of the two ͑e͒ sites. We held the monoclinic angle ␤ constant and relaxed the remaining seven parameters. ͑If we relaxed all eight parameters, the structure would ''slide down the hill'' and end up at one of the end points, G 1 or G 2 .͒ We obtained The resulting free energy is ⌬⌽ϭ0.055 eV. Repeating thisprocedure for C2/m and R3m, we obtain the free energies shown in the last column of Table II . These three energies are plotted on Fig. 1 . As can be seen, the barrier is lowest for the P2 1 /m path. We must also consider the possibility that some subgroup of P2 1 /m may provide a path with an even lower barrier. ͑Remember that we only considered the maximal isotropy subgroups of R3 m.͒ We look for unstable normal modes in the P2 1 /m structure just as we did for R3 m. We calculated the frequencies of the normal modes at each of the k points of symmetry in the first Brillouin zone of P2 1 /m and found no unstable modes ͑except for the ⌫ 1 ϩ IR which preserves the P2 1 /m symmetry and simply represents ''sliding down the hill'' towards G 1 or G 2 ). We therefore conclude that the lowest barrier for the Buerger mechanism ͑with our modification͒ is encountered for the path with P2 1 /m symmetry.
B. Pmmn
This is the path proposed by Watanabe et al. The Pmmn path from G 1 to G 2 involves not only strains but also atomic shuffles. An animation of the path of Watanabe et al. can be seen on the internet. 26 There are five structural parameters: the lattice parameters a,b,c and the Wyckoff parameter z for the Na ͑a͒ site and for the Cl ͑b͒ site. To obtain the free energy along the path from G 1 to G 2 , we choose values of the Wyckoff parameter z for the Na ͑a͒ site and hold it constant while minimizing the free energy with respect to the remaining four structural parameters. At the top of the barrier, we obtain the Pmmn structure with and a free energy ⌬⌽ϭ0.077 eV. We found no unstable normal modes ͑except for those associated with the ⌫ 1 ϩ IR) and therefore conclude that the height of barrier for the mechanism of Watanabe et al. is ⌬⌽ϭ0.077 eV. We note that this barrier is not as low as the P2 1 /m path for our modified Buerger mechanism. However, we recognize that SSCAD is not a very accurate way to calculate energy and that the difference between 0.055 eV and 0.077 eV is not large enough for us to be able to conclude that the Buerger mechanism is energetically more favorable than the mechanism of Watanabe et al. ͑In CsCl there is a temperature-induced phase transition to the NaCl structure at 445°C. There is evidence from x-ray single-crystal and optical microscope studies that this phase transition takes place via the mechanism of Watanabe et al. 6 ͒ There has been some previous work on the mechanistic aspects of a phase transition of this type. Ruff et al. 29 concluded that the mechanism of Watanabe et al. was favored for RbBr on the basis of isothermal-isobaric molecular dynamics. Nga and Ong, 5 using two different molecular dynamics algorithms, show that the two mechanisms are roughly equivalent in NaCl. Pendás et al. 30 carried out a study of the Buerger mechanism in LiCl using an ab initio perturbed ion method. Our first-principles calculations are consistent with these findings.
IV. CONCLUSION
We have described and implemented a systematic method called COMSUBS which finds possible mechanisms for a given reconstructive phase transition. Each mechanism describes a path between the two phases. Along this path, the crystalline structure has a definite symmetry which is a common subgroup of the symmetries of the two phases. COM-SUBS may be applied to any reconstructive phase transition. We applied COMSUBS to the pressure-induced phase transition in NaCl and found 12 possible paths.
Given the possible paths, there exist a number of methods for determining which one is most energetically favorable. We have demonstrated one such method for the case of the phase transition in NaCl. Using the program SSCAD for firstprinciples energy calculations, we determined that the path proposed by Buerger and the path proposed by Watanabe et al. are both much more energetically favorable than any of the other ten paths found by COMSUBS.
Note added in proof. It has come to our attention that an intermediate phase with the monoclinic P2 1 /m symmetry has been observed 31 for a Buerger-like mechanism in the pressure-induced NaCl-CsCl phase transition in the silver halides. Furthermore, recent ab initio calculations 32 for AgBr have confirmed the existence of this stable monoclinic intermediate phase.
APPENDIX: ORDER PARAMETERS
In the Landau theory of phase transitions, distortions which accompany a transition are decomposed into parts belonging to different irreducible representations of the parent space group. Order parameters ជ , which are vectors in representation space, govern the amplitude of these distortions. In the parent phase, the order parameters are zero, and at the transition, the order parameters become nonzero.
In reconstructive phase transitions, either G 1 or G 2 could be considered to be the parent space group, since in either case a distortion reduces the symmetry to the subgroup G. Let us call G 1 the parent space group. When the crystal has the symmetry G 1 , the order parameters are zero. At the transition, the order parameters become nonzero, reducing the symmetry to G. As the crystal moves along the path from G 1 to G 2 , the amplitudes of the order parameters evolve, generally increasing in magnitude, until they reach particular values. At that point, the symmetry of the crystal increases and becomes G 2 .
Distortions associated with a particular order parameter and IR reduce the symmetry of G 1 to some symmetry H which is a subgroup of G 1 . The symmetry group H is called an isotropy subgroup of G 1 . Each order parameter determines an isotropy subgroup. If the isotropy subgroup H is equal to G, then the order parameter is called a primary order parameter and the associated distortion reduces the symmetry of G 1 all the way to G. Secondary order parameters determine isotropy subgroups H which are supergroups of G. The distortion associated with a secondary order parameter reduces the symmetry of G 1 to some structure which has more symmetry than G.
Let us illustrate this with the pressure-induced phase transition in NaCl discussed in great detail in this paper. In Table  III , we list the order parameters for various paths from G 1 to G 2 . We obtained these results with the aid of a software package ISOTROPY. 28 The first entry in Table III which we define so that a vector
which is tied to points in the crystal, becomes, under the action of the strain, r ជ Јϭ ͚ i, j e i j r j ê i . ͑A3͒
In the above equations, ê i refers to unit vectors of a Cartesian coordinate system. Do not confuse this with the components e i of the strain. In the G 1 ϭFm3 m structure of NaCl, a general strain can be decomposed into parts which belong to the following IRs ͑using the notation of Miller and Love We note that ⌫ 3 ϩ is a two-dimensional IR. The two strains listed above for ⌫ 3 ϩ transform like the two basis functions of
ϩ . The order parameter ជ associated with that IR is therefore also two dimensional, the two components of ជ representing the amplitudes of those two strains. For example, the order parameter ជ ϭ( 1 , 2 ) would denote the strain ( 1 ϩͱ3 2 , 1 Ϫͱ3 2 ,Ϫ2 1 ,0,0,0). Similarly, ⌫ 5 ϩ is a threedimensional IR, and the associated order parameter is therefore also three dimensional.
From Table III , we see that the strain along the R3 m path is decomposed into parts that belong to the IR's, ⌫ 1 ϩ and ⌫ 5 ϩ . The strain along the entire R3 m path from G 1 to G 2 is characterized by two independent amplitudes 1 and 2 .
Note that the part of the strain that belongs to ⌫ 5 ϩ is a specific combination ជ ϭ( 2 , 2 , 2 ) of the three strains listed above for ⌫ 5 ϩ . The evolution of this part of the strain along the R3 m path is described by the single amplitude 2 .
At the end of the path, G becomes G 2 . We can obtain the symmetric form of the strain tensor at that point using the method of magic strains. 20 We first obtain the matrices B 1 and B 2 as defined in Eq. ͑3͒. Then we calculate the transformation matrix SϭB 2 B 1 Ϫ1 which takes an orthogonal coordinate system from G 1 to G 2 . We obtain the symmetric strain tensor e from Ϫ . This IR is listed twice in the table since the displacements of the Na and Cl are independent of each other and are therefore governed by two independent order parameters, each belonging to the same IR X 5 Ϫ . From Table I , we see that along the path from G 1 to G 2 , the Na atom moves from ͑1/4,1/4,3/4͒ to ͑1/4,1/4,1͒. The displacement is thus equal to ͑0,0,1/4͒ in terms of the unit cell of Pmmn and equal to ͑0,1/8,1/8͒ in terms of the unit cell of G 1 ϭFm3 m. This is consistent with Table III , where the displacement of this atom ͑denoted by Na1͒ is given by (0, 4 , 4 ). The value of 4 varies from zero to 1/8 as the crystal evolves from G 1 to G 2 .
Na2 is the other Na atom in the unit cell belonging to the Wyckoff ͑a͒ position. It moves from ͑3/4,3/4,1/4͒ to ͑3/4, 3/4,0͒ along the path, its displacement being in a direction opposite to that of Na1.
There are two primary order parameters. Both the Na and the Cl displacements reduce the symmetry of G 1 all the way to Pmmn.
The C2 (1) path in Table III is an example of a more complex situation. ͑This path is the second entry in Table I .͒ There are nine structural parameters, five of them strains and four of them atomic displacements. We note that two of the IRs, L 3 ϩ and L 3 Ϫ , are eight dimensional.
The order parameter associated with ⌫ 5 ϩ has two independent amplitudes 3 and 4 . At the end of the path at G 2 , the values of these two amplitudes become 0.106 and 0.088, respectively. Table II . We give the space-group symmetry G along the path, the IR of Fm3 m, the order parameter ជ ͑primary order parameters are indicated with *), the isotropy subgroup H associated with the order parameter, the amplitude i of the order parameter when the crystal has reached the G 2 ϭ Pm3 m symmetry at the end of the path, and the distortions ͑strains and atomic displacements͒ which take place. The strains e are given in terms of the six components e 1 ,e 2 ,e 3 ,e 4 ,e 5 ,e 6 , and the atomic displacements of the Na and Cl atoms are given in dimensionless units with respect to the fcc unit cell of Fm3 m. From Table I we see that the displacement of Na1 is equal to (0,1/6,0)Ϫ(0,0,0)ϭ(0,1/6,0) in terms of the unit cell of C2 and equal to ͑1/12,0,1/12͒ in terms of the unit cell of G 1 ϭFm3 m. Similarly, the displacement of Na2 is equal to (0,1/6,1/2)Ϫ(0,1/2,1/2)ϭ(0,Ϫ1/3,0) in terms of the unit cell of C2 and equal to (Ϫ1/6,0,Ϫ1/6) in terms of the unit cell of G 1 ϭFm3 m. This is consistent with Table III , where the displacement of Na1 is equal to ( 5 ϩ 9 ,0, 5 ϩ 9 ) and the displacement of Na2 is equal to ( 5 Ϫ 9 ,0, 5 Ϫ 9 ). At G 2 , the values 5 ϭϪ1/24 and 9 ϭ1/8 give us net displacements of ͑1/12,0,1/12͒ and (Ϫ1/6,0,Ϫ1/6) for Na1 and Na2, respectively.
We note in Table III that for the C2 path none of the isotropy subgroups are C2. None of these distortions alone can reduce the symmetry of G 1 all the way to C2. However, the intersection of all of the isotropy subgroups is C2, so the combined effect of all of the distortions is to reduce the symmetry to C2. In this case, there can be no single order parameter. At least two of the order parameters must be ''coupled'' so that they become nonzero together. In this case, the intersection of C2/m and C2/c is C2, so the order parameters associated with L 3 ϩ and L 3 Ϫ are a set of coupled primary order parameters. The final entry in Table III is the P2 1 /m path which is the distorted R3 m path in Table II with the lowest-energy barrier ͑according to our calculations͒. ͑Do not confuse this with the P2 1 /m path in Table I which describes an entirely different atomic mapping.͒ The distortion at the end point G 2 is identical to that of the R3 m path. The net atomic displacements are all zero, and the net ⌫ 3 ϩ strain, which does not appear in R3 m, is zero. However, along the path, the atomic displacements and the ⌫ 3 ϩ strain take on nonzero values. Along the path, they evolve from zero through some nonzero values and then back to zero again at the end of the path. Also note that the ⌫ 5 ϩ strain is broken into two independent parts described by two parameters.
Here again we have a case where there is no single primary order parameter. The order parameters associated with X 3 Ϫ and X 5 Ϫ are a set of coupled primary order parameters.
